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Stability Conditions for Multiclass
Fluid Queueing Networks

Dimitris Bertsimas, David Gamarnik, and John N. Tsitsiklis, Member, IEEE

Abstract—We introduce a new method to investigate stability
of work-conserving policies in multiclass queueing networks.
The method decomposes feasible trajectories and uses linear
programming to test stability. We show that this linear program
is a necessary and sufficient condition for the stability of all
work-conserving policies for multiclass fluid queueing networks
with two stations. Furthermore, we find new sufficient conditions
for the stability of multiclass queueing networks involving any
number of stations and conjecture that these conditions are also
necessary. Previous research had identified sufficient conditions
through the use of a particular class of (piecewise linear convex)
Lyapunov functions. Using linear programming duality, we show
that for two-station systems the Lyapunov function approach is
equivalent to ours and therefore characterizes stability exactly.

1. INTRODUCTION

HE PROBLEM of establishing conditions under which a

multiclass queueing network is stable under a particular
policy has attracted a great deal of attention in recent years. It
is known that for single class [2], [16], [19] and multiclass
acyclic queueing networks [11], a necessary and sufficient
condition for stability of all work-conserving policies is that
the traffic intensity at each station of the network is Jess than
one. For multiclass networks with feedback, [13], [14], and
[17] have identified particular priority policies that lead to
instability even if the traffic intensity at each station of the
network is less than one. More surprisingly, [3] and [18] have
shown that these instability phenomena are present even for
the standard first-in/first-out (FIFO) policy. It is, therefore, a
rather interesting problem to identify the right set of necessary
and sufficient conditions for stability of multiclass queueing
networks under work-conserving policies.

In recent years, researchers have identified progressively
sharper sufficient conditions for stability of all work-
conserving policies through the use of Lyapunov functions.
Kumar and Meyn [12] used quadratic Lyapunov functions,
while Botvich and Zamyatin [4], Dai and Weiss [8],
and Down and Meyn [9] used piecewise linear convex
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Lyapunov functions. Chen and Zhang [6] have found some
sufficient (but not necessary) conditions for the stability of
multiclass queueing networks under FIFO. In all cases, it
was established that a multiclass network is stable if certain
linear programming problems are feasible. To the best of
our knowledge, the sharpest such conditions are those of [§]
and [9] obtained through the use of piecewise linear convex
Lyapunov functions. For some specific examples (for example
in [4]), the conditions obtained are indeed sharp. In general,
however, the problem of establishing the exact stability region,
i.e., sharp necessary and sufficient conditions for stability, is
open. Furthermore, it is not known whether the Lyapunov
function method with piecewise linear convex functions (or
with any convex function) has the power of establishing the
exact stability region.

Dai [7] has shown that a stochastic multiclass network is
stable if the associated fluid limit (a deterministic network) is
stable. Meyn [15] has proven a partial converse result. For this
reason, the exact stability conditions obtained in this paper for
the fluid model are suspected to hold for stochastic queueing
networks as well.

The contributions as well as the structure of this paper are
as follows.

1) We introduce, in Section 11, a new method to investigate
the stability of work-conserving policies in multiclass
fluid networks. The method looks at the detailed struc-
ture of possible trajectories. We find the exact stability
region for two-station multiclass networks. The stability
condition is expressed in terms of a linear program.

2) We demonstrate, in Section IV, a duality relationship
between our linear program from Section III and the
linear program proposed in [9] using Lyapunov function
methods. We, therefore, establish that piecewise linear,
convex Lyapunov functions have the power of checking
stability exactly for networks with two stations.

3) We find, in Section V, new sufficient conditions for
multiclass networks with more than two stations that
we believe are necessary, although we were unable to
establish necessity. The conditions are again expressed
in terms of a linear program with a small number of
variables and constraints.

II. NOTATION

We introduce a fluid model (o, p, P, C) consisting of
n classes Cq, -+, C,, and J service stations 1, ---, J, as
follows. Each class is served at a particular station. Let
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o; be the set of classes served in station j. The external
arrival rate for class ¢ is «;, and the service rate is p,.
Let o = (o, -+, an) and g = (pa, -+, 1y). After a
service completion, a fraction p;; of class ¢ customers becomes
class j and a fraction 1 — ;pij exits the system. Let P
be the substochastic matrix P = (P;;)1<i, j<n- Finally, we
define the J X n matrix C as follows: c; = 1 if class
k is served at station j and c¢j, = 0 otherwise. We let
M = diag{p, -, pn} and assume that the matrix /> has
spectral radius less than one. '

Any scheduling policy can be described in terms of the
variables T} (t) defined as the amount of time class £ is being
served in the interval [0, ¢] and Qx(t) defined as the queue
length for class & at time ¢. We let T'(¢) = [T1(¢), -+, T (t)]
and Q(1) = [Q1(t), -+, Qu(N)]".

Throughout the paper we call Q(t) the trajectory of the fluid
process under the allocation process T'(t). Given the initial
condition ()(0), the dynamics of the queue length process are
as follows:

Qr(t) = Qr(0) + at + Z wiTi(Opir — peTr(t)
=1

>0, k=1,--,n
or in matrix form
Q) =Q(0) + at + [P’ — IIMT(t)
> 0.
We assume that the allocation process satisfies the following
conditions.

1) T(0) = 0.

2) (Feasibility) For any to > t; > 0 and any station ¢
> [Tulty) = Te(tr)] <t — ()
kEo;

and Ty (t) is nondecreasing.
3) (Work-conservation) If for all ¢ € [t1, t2] we have
> keo, @r(t) > 0 for some station i, then

N [Tilts) = Th(tr)] = to — 1. @

k€o;
Any scheduling policy satisfying all the above properties
is called a (feasible) work-conserving policy.

An alternative characterization of the above requirements is
to introduce for any station ¢, the cumulative idling process

Ui(t) =t = > T(t).
ko,
Feasibility condition (1) then requires that U; () be nonnega-
tive and nondecreasing, while the work-conservation condition
is rewritten as follows: if for all ¢ € [i1,t] we have

Y heo, @x(t) > 0, then
Ui(t1) = Ui(ta). 3)

Following Chen [5], a fluid network (e, i, P, C) is said
to be (globally) stable for all work-conserving policies if
for every work-conserving allocation process T'(t) and every
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initial condition Q(0), there exists a finite time o such that
Q(t) = 0 for all t > to. Rybko and Stolyar [17] show that
this is equivalent to the weaker condition: for every work-
conserving allocation process T'(¢) and every initial condition
Q(0), there exists a finite time p such that Q(to) = 0. We
will use this as our working definition of stability.

A necessary condition for stability (see Chen [5]) is that the
traffic intensity vector p defined by p = CM~[I — P']|"la
satisfies

p<e )

where ¢ = (1, ---, 1)’. As mentioned in the introduction, for
general multiclass networks with feedback, this condition is
not sufficient. Our goal in the next section is to establish
necessary and sufficient conditions for the stability of a mul-
ticlass fluid network with two stations, given that p < e
In preparation for this analysis, we introduce some further
notation.

We refer to Q(t) € R as the state of the system at time
t > 0. We partition the set R} — {0} of nonzero states into the
following finite family of subspaces. For any nonempty set of
service stations S C {1, 2, ---, J}, we let

Rsz{meRi:\?’iES,Zxk>0,

keo;

and Vi¢S, Z“ZO}

k€o;

i.e., Rg corresponds to states for which all stations in S are
busy, while all other stations have empty buffers.

III. STABILITY CONDITIONS FOR MULTICLASS
TwO-STATION FLUID NETWORKS

In this section, we establish necessary and sufficient con-
ditions for stability for the case where J = 2, ie., for
multiclass networks with two stations. Throughout this section,
we assume that p < e, since otherwise the system is unstable.

We denote by Ry, R, and Ry the subspaces corresponding
to § = {1}, {2}, {1, 2}, respectively, as defined at the end
of Section II. In particular, for () € R, station 2 has no
customers, for ) € Ry station 1 has no customers, while
for ¢§ € Ry both stations have customers in queue. The
proposition that follows states that a trajectory can be broken
down into subtrajectories of four different types.

Proposition 1: Consider a stable work-conserving trajec-
tory Q(t) and let T be the smallest time such that Q(7) = 0.
There exists a (finite or infinite) nondecreasing sequence #;
such that sup; t; = 7 and such that for all times less than 7
the following hold:

Q(tym+1) € Ry and for ¢ € [tami1, tam+2],
Q) € RiU Ry

Q(tam+2) €ER1 and for ¢ € (tami2, tam+3),
Q(t) € R
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Rl
t4m+1
R12
U2
Lamss \
t4m+4 t4m+3 RZ
Fig. 1. The times t; for a typical trajectory.

Q(tam+3) € Ry and for ¢ € [tamys, tamtal,
Qt) € Ra U Ry

Q(tamsa) € R and for ¢ € (tamaa, tamts),
Q(t) € Rya.

Proof: This is a simple consequence of the fact that
starting in Ry, the system can get to R only by first going
through Ri2, and vice versa; see Fig. 1. In particular, once
tam41 has been defined, we may let tgp,43 = min{t >
t4m+1lQ(t) € Rz} and l4p42 = max {t < t4m+3}Q(t) €
Ri}. [In case Q(t) never enters Ry after time ¢an,+1, then
the preceding definition of ¢4,,,43 is inapplicable; however, in
this case, the system gets to Q(7) = 0 without ever leaving
R1 U R1s. Thus, [tam41, 7) can be taken as the last interval.]
Having thus defined f4,,43, the times t4,,14 and t4,,15 are
defined similarly. O

A. Bounds for the Strong Busy Period of Stable
Work-Conserving Policies

In this subsection, we find an upper bound on the time
that stable work-conserving policies take to empty the fluid
network starting with an initial condition Q(0). This time
is usually called the strong busy period. This result is of
independent interest as it contributes to our understanding
of the performance of the network; it is also the key to our
stability analysis in the next subsection.

Proposition 2: Consider a stable work-conserving policy
T(t) starting with initial condition Q(0) # 0. Let 7 be the
smallest time such that Q(7) = 0. Then, 7 is bounded above
by the optimal value of the following linear program to be
called LP[Q(0)]:

maximize

4
>
j=1
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subject to
T = E T];L7 T > E T]cl
ke€o koo
§ 2 . E 2
Ty = Tk Ty = Ti
k€o; keoz
Ty > E Tj?, Ty = E Tk?
keo, kecos
4 4
T4 — E T » T4 = E T
keo, kCoy
vk e 09

n

1 1
apT + E WiPikT; — T =0
=1
n

Ts + Y pipaTi — T, 20

=1

n
apTy + Z,UzipikT;l — pi <0
=1

Vk € o1

QT3 + Z Mipikﬂ-s - Nkﬁf =0

i=1

n
0Ty + Z 1ipirTy — Ty >0

i=1

n
Ty + Y pipikt, — i, <0
=1

Vke{l, -, n}:
4 n 4 ) 4 ]
akZTj + Z/Lipik Z’Qj — Mk ZT;Z = —Qk(O)
j=1 i=1 j=1 j=1
720,71 >0, (5

Proof: Consider a stable work conserving policy with
initial condition Q(0) # 0. Without loss of generality, we only
provide the proof for the case Q(0) € Ry; the proof for the
other cases is essentially identical. Let £; = O and let the times
t; be as in the statement of Proposition 1. For j =1, ---, 4
we introduce the following variables:

oo

Z (t4'rrl+j+1 - t4’”l+j) (6)

‘m=0

7§ =

and
0

7 > [ Teltamj 1) = Teltamy)]- (N

m=0

Intuitively, 7 is the total amount of time the trajectory spends
in R; as well as in excursions from R; into R;2 and back
into Ry; 7o is the total amount of time the trajectory spends in
Rj2 coming from R; and going to Rp; 73 is the total amount
of time the trajectory spends in Ry as well as in excursions
from Ry into Ry and back into Rs; finally, 74 is the total
amount of time the trajectory spends in Rj2, coming from Ry
and going to R;. Clearly 7; > 0 and the first time that Q(%)
becomes zero is given by 7 = 7 + 79 + 73 + 74. Note that for
every class k, 7}, 72, 72, and 7} is the total work allocated
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to class k£ during the time intervals that enter in the definitions
of 7, T, T3, T4, respectively.

For all t € [tam=1, tam+2], We have Q(t) € Ry U Rya,
and therefore 3, . Qx(t) > 0. Because the policy is work-
conserving

tamy2 — tamir = Z [Th(tam+2) — Tr(tamyi1)]. ()
k€a,
By summing over m > 0 we obtain that
T = Z 7']3
k€o,

which simply expresses the work conservation in station 1,
while the trajectory is in R; U R (station 1 busy). Similarly,
work conservation for station 2, while the trajectory is in
Ry U Ryy (station 2 busy) leads to

T3 — E T,?.
k€ay

Moreover, for t € (tamr2, tam+3)U (tama, tamts), we have
Q(t) € R12, and work conservation for both stations leads to

Ty = ZT}?

ke€o,

-y

k€ao

>

keo;

>t

k€o,

T4 =

For every station 7, we have
Y [Tiltisn) = Tulta)] < tiga =t
keo;

leading to

T > ZT}%

k€oy

S

kecoy

T3 >

By definition of the times ¢;, we have Q(t4;,+1) € R1 and
Q(tamye) € Ry. Thus, for all k € o2 we have

Qk(t4m+1) = Qk(t47rL+2)
=0

which leads to

n

o (tams2 — tams1) + Z wibik|Ti(tams2) — Ti (tam+1)]
i=1

= [Tk (tam+2) = Th(tam+1)] = 0,

Summing over all m > 0, we obtain

k € 9.

n
0T+ Z mpikﬁl - ukﬂr,% =0, k€ogs.
i=1

Similarly, for k € o1, we have Qg(tams3) = Qr(tam+a) =0
which yields

n
O5k(t41n+4 - t4m+3) + Z P'ipik[,ri(t4m+4) - ﬂ(t4m+3)]
=1

- Mk[Tk(t477L+4) - Tk(t4'm+3)} = Oa k €01
and leads to
ars £y ppat! — et =0, k€on.

=1

Since Q(tam2) € Ry and Q(t4my3) € Ra, wWe obtain

0 = Qr(tam+2), k€ oy
and

0 S Qk(t4m,+3)7 ke o2

which implies that for all k£ € o2, Qi (tam+3) — Qk (Famaz) >
0, leading to

W (tam s = tams2) + Y, ipik[Ti(tam 13) — Ti(bam+2)]
i1

— pe[Th(tams3) — Tr(tam2)] >0, k€ oy
Summing over all 7 > 0, we obtain
a2+ gt — i 20, k€ oy

i=1

Sirnilarly, for all k£ € oy, Qk(t4m+3) - Qk(t4m+2) < 0,
leading to

ap(tam+s — tamt2) + Z 1iDik | Ti(tam+3) — Ti(tam+2)]

i=1

— [T (tam+3) = Te(tama2)] <0, k€oy
and therefore
n
QT + Z tipikT? — ki <0, k€ oy.

=1

Finally, since Q(t4;44) € Ro and Q(t4m15) € Ry, we obtain

Ok (tam+s — tam+a) + Z ik [Ti(tam+s) — Ti(tamya)]

=1

— 1k [Ti(tam+s) — Tr(tamya)] > 0, keoy

g (tamss — tam+a) + Z 1Dk [Ti(tam+s) — Ti(tamya))

=1

- Hk[Tk<t4m+5) - Tk(t4m+4)] S 07 k € 09
leading, respectively, to
" .
%M‘FZ ipikTi — ety >0, ke o
i=1
QETq + Z wipikTi — e <0, k € 0.

i=1
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Recall that 7 =
network

n 4 4
Qu(7) = Qu(0) + anm + Y pipin p_ 7 — m y 7.
i=1 =1 J=1

Z?;l 7;. Then, from the dynamics of the

Since Q(7) = 0, we obtain

n 4 4
Osz-I-Z HiPik ZTZJ — Mk ZTZ
i=1 j=1 7=1

= _Qk(0)>
We have shown that all of the constraints of the linear program
LP[Q(0)] must be satisfied, and therefore 7 must be bounded
above by the value of this linear program. ]
The linear program LP[Q(0)] gives an upper bound on
the strong busy period of all stable work-conserving policies.
Similarly, if we minimize Z?:1Ti we find a lower bound
on the time it takes for the network to empty using a work-
conserving policy starting from an initial condition Q(0). The
lower bound is particularly interesting as it gives information
on the least possible emptying time.

k=1,---,n.

B. Sufficient Conditions for Stability

In this subsection, we derive sufficient conditions for stabil-
ity of the fluid network. The sufficient conditions involve the
linear program LP[0] which is defined exactly as the linear
program LP[Q(0)] of the preceding subsection, except that
the right-hand side variables Q% (0) in (5) are set to zero.

Theorem I—Sufficient Conditions for Stability: Consider
the following set of linear inequalities in 4(n + 1) variables:

’7'1:27'](1777'12 ZT& (9)
k€oy k€os
Ty = ZT}?,TQ: ZT;? (10)
k€oy k€os
s> Y Th 3= ) Th (11)
k€oy kcoy
=) T = ) (12)
kcoy keoy
‘Vk € oo
T+ Y pipiTi = T =0 (13)
3=1
k3
apTy + Z pipirT? — ppTp >0 (14)
2=1
T
arTs + Z piparTs — prmp <0 (15)
=1
Vk € oy
7
akTs + > pipinTy — pTi =0 (16)
=1
arTa+ Y pipikTi — i 20 (17)
i=1
ara + Y pipikT! — i <0 (18)

=1
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Vked{l, -, nk

4 n 4 4
Ok E 7+ E HiDik E 7! _HkZT;g:O:
j=1 i—1 =1 =1

720,720 (19

to be referred to as LP[0]. If LP[0] has zero as the only fea-
sible solution, then the multiclass fluid network (e, g, P, C)
is stable for all work-conserving policies.

Proof: Let us assume that zero is the only feasible
solution of LP[0]. Let us also assume that there exists an
initial condition Q(0) # 0 and a work-conserving policy such
that Q(t) never becomes zero. We will derive a contradiction.

Recall that the constraints in LP[0] and in LP[Q(0)] are the
same except that the right-hand side in (5) is changed from
~Q(0) to zero. Using linear programming theory ([1]) and
since zero is the only feasible solution of LP[0], it follows that
the feasible set of LP[@Q(0)] is bounded. Let Z be the optimal
value of the objective function in LP[Q(0)] which is finite.

Let us now consider the unstable policy starting from Q(0).
Let us follow this policy up to time Z; from then on, let
us switch to some stable work-conserving policy (under our
standing assumption that p < e, it is known that such a policy
exists). We then obtain a work-conserving policy that, starting
from Q(0), eventually leads the state to zero, say at some time
7. By construction 7 > Z. On the other hand, Proposition 2
asserts that = < Z. This is a contradiction and the proof is
complete. (I

C. Necessary Conditions for Stability

In this section, we show that the conditions of Theorem
1 are also necessary. In particular, we show that if the
linear program LP[0] has a nonzero solution (74, 77), j =
1,---,4, k=1,---, n, then there exists a work-conserving
policy and an initial condition Q(0) # 0 such that for some
time 7 > 0, Q(7) = Q(0). By repeating the same policy each
time that the state ()(0) is revisited, the system never empties
and therefore the fluid network is unstable. In preparation of
the instability theorem we prove the following proposition.
Proposition 3: I (15, 71),j=1,---, 4 k=1, nis
a nonzero solution of LP[0], then 7; > O forall j =1, ---, 4.
Proof: Suppose 71 = 0. Then from (9) 7} = 0 for all
E =1, ---,n, and therefore from (19) we obtain for all
k=1 ---,n

T

(1o + 73+ Ta) + Z pipin (T + 70+ 1)
i=1

2, . 2 4
= (T + 7 + 7)) =0
or in matrix form, with 779 = (¢{, -+, 73}’

alry+ 734+ 1) + [P = M2+ 73 + 4] = 0.
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Multiplying both sides from the left by CM 1[I — P']=* we
obtain

P1
P2

_|_

-1
_1>(T2+T3+7’4)
Ty + 73 + Ty — Z(T,zﬁ—rfj%—ﬂf
kcoy

To 4+ T3 4+ T4 — Z(T,?-I—T,?%—T:)

k€os

=0.

But from (10)-(12) we obtain

Tot+ T3+ T14 = Z(T,?+T€+T,f).
k€oy

Since 7o+ 73 +74 > 0, we obtain that p; = 1, a contradiction.
A similar argument shows that 73 > 0.

Suppose now that 73 = 0. From (10), 72 = (72, - --
0, while from (13), (15), and (19), we obtain that

P Th) =

n

Ty + Y pipikTi — ki 20, k€ oo
i=1
From (16) we obtain
n
QT3 + Z pipikT; — Ty =0, k€or.

i=1
Combining these two equations in matrix form, we obtain
ars + [P' = I|M7* > 0.

Multiplying both sides of the inequality by CM ~1[I — P']71,

we obtain
T3 — ZT,::’
p1—1
73 +
(ﬂz—1> ’

k€oy
Ty — Z ’Tg
keos
Since from (11), 73 = Y, ¢ and 73 > 0, we obtain that
p2 = 1, a contradiction. By a similar argument 74 > 0. O

We next prove that the condition of Theorem 1 is also
necessary.

Theorem 2—Necessary Conditions for Stability: 1f the lin-
ear program LP[0] has a nonzero solution, then there exists
a work-conserving policy under which the multiclass fluid
network (a, u, P, C) is unstable.

> 0.
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Proof: Let (75, T,g ) be a nonzero solution of the linear
program L P[0]. We will construct an initial condition Q(0) €
R; and a work-conserving policy such that for some time
7> 0, Q(7) = Q(0). It will follow that there exists a work-
conserving policy under which the system never empties and
therefore the fluid network is unstable.

Let
Qr(0) = — (Olsz + Z pipikT; — mmf)»
i=1
keoy (20)
and
Qk(O)'—“O, k€ oo,

Constraint (18) guarantees that )(0) > 0. We next show that

Yokeo, @e(0) > 0, e, Q(0) € Ry. If Q(0) = 0, then, for
all k S [en)

n
agTe + Z Mipikﬂ-g - Mkﬂ? =0.
=1
Moreover, from (14), for all k € oo
T
s+ Y ipikT = pkTi > 0.
i=1

In matrix form, with 7¢ = (7§, .-+, 7%)’, the previous équa-

tions become
ary + [P — I|M72% > 0.

Multiplying by CM~*[I — P’]7!, we obtain

To — ZTI?

p1-1> k€o
Ty + ZO
<02_1 7-2_27-13

k€osy

— 2 2
From (10), we have 75 = >, 7% = Y 1c,, Th- From

Proposition 3, 75 > 0, so p1, po > 1, a contradiction and
therefore, Q(0) # 0.

We construct the following allocation process for k =
1, -+, n as shown in (20a) at the bottom of the page. We
show that the above allocation process is both feasible and
work-conserving.

We first consider the first interval [0, 72]. By the dynamics
of the fluid network for this allocation process and starting

(1
_TE
T2
TZ+t_TQT,3
— ) 73
Tk(t)'— 9 2 t—To — T3 4
Tk+Tk+——‘——T Tk
T T2 = T3 — T4
4ty

71

t e [0, TQ];

t e (TQ, To + Tg];
(20a)
t € (12 + 73, To + T3 + T4);
(

T,i t€(ro+ 73+ Ta, o+ T3 4 7o+ T
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from the initial condition given above, we obtain from (14)
and (20)
Qr(T2) =0,

k
Qi(re) =axma+ > papit? — mirip 2 0,

keoq

k € aga.
i=1

We next show that

> Qul(ra) >0

k€oy
so Q(m2) € Ra. If not, then

Qi(r2) = 0, k€ o
or
T2 + Z ,uipikTiZ - uk’r,f =0, k € o3.

=1
Then from (13) and (19), we obtain that

ap(rs +1a) + Y papirn(rd + 7))
=1

- il + ) =0,
Also from (16) and (17), we obtain that

k€ og.

n
ok(Ts +74) + Z pipir (1 +7) = p(ri+7) 2 0,
i=1

k€ oy.
Written in matrix from, the two previous relations become
ofrs +74) + [P = IM (7% +7%) > 0.
Multiplying by CM 1[I — P/]7!, we obtain

p1—1
Ts +
(222} )
T3+ Ty — Z(T,f+'r,§)

+ ko >0.

b= Y ()
kcos
Since Ty + 74 = Yge,, (7E + i) and 73 + 74 > 0, we obtain
p2 > 1, a contradiction, and therefore »; -, Qx(72) > 0.
Since the allocation process is linear, we obtain

Vie [077—2]7 Q(t) > 0
and

Vit e (07 Tz)7 Q(t) S ng

i.e., the allocation process is feasible. We next show that it is
also work-conserving. From (10)
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or equivalently
Vi € [0, 7] : Ur(t) = Usa(t) = U1(0) = Up(0) =0

and the process is indeed work-conserving.

In the interval (o, 72 + 73], we prove similarly that for
k € oy we have Qx(o+73) > 0and ), Qr(t2+73) > 0.
Therefore, Q(72+73) € Ra, and since Q(72) € Ry, we obtain
by linearity that

VtG[TQ,Tz—FTgL Q(t)ERQ‘
Work-conservation is shown similarly.

Additionally, we show that in the interval ¢ € (T2 +73, T2+
T3+ 74], Q(t) € Ry and in the interval ¢ € [0 + T3+ 74, T2 +
T3+T74+71], Q(t) € Ry, while the process is work-conserving.

In addition, because of (19), Q(71 + 72 + 73 + 14) = Q(0).
It follows that the fluid network never empties for this work-
conserving feasible policy and is unstable. (]

The necessity proof has identified a particular way that
an unstable work-conserving trajectory materializes, leading
to some insight as to how instability may be reached. In
particular, we have shown that if there exists an unstable tra-
jectory, then there exists a periodic trajectory with a particular
structure.

Combining Theorems | and 2, we obtain the main theorem
of this section.

Theorem 3: A two-station multiclass fluid network (o, g,
P, C) is stable for all work conserving policies if and only if
the load condition p < ¢ holds and the linear program LP[0]
has zero as the only feasible solution.

D. A Special Case

To illustrate the use (as well as the power) of Theorem 3,
we prove that a two-station fluid network, in which one of
the two stations has only one class, is stable provided that
the load condition (4) is satisfied. This generalizes previous
results obtained by Kumar [10], Down, and Meyn [9] for a
three-class, two-station network.

Theorem 4: A fluid network satisfying the load condition
p < e with two stations and such that only one class is served
by station 2 (|o2| = 1) is stable.

Proof: 'We show that the corresponding linear program
LP[0] cannot have a nonzero solution. For the purposes of
contradiction suppose that (r;, 7{) is a nonzero solution to
LP0]. Let 0o = {l}. We distinguish between two cases.

Case 1:

n
T3 + Z pipaty — wrt > 0.
=1
From (16)

T3 + Z uipika — ;Lkﬁf =0, Vk € o.

i=1
We combine the previous relations in matrix form as follows:

ary + [P/ = IIM73 > 0.



BERTSIMAS et al.: STABILITY CONDITIONS FOR MULTICLASS FLUID QUEUEING NETWORKS

We multiply both sides by CM~[I — P']7! to obtain

T3 — ZT,?
p—1
T3 + k€ay
(p2—1) 3
T347-l

> 0.

But from (11), we obtain 73 = Tl3 and from Proposition 3, we
obtain 73 > 0, leading to py = 1, a contradiction.
Case 2:

n
T3 —{— Z [l,tpllT? - /l,l’l'l?’ S 0
i=1

From (19), we obtain

afra+71+72)+ Z pipa (T + 1+ 12)
i=1
— /vbl(T;JL +Tll ‘*‘TF) 2 O

Moreover, from (16) and (19) we obtain

n
ap(ra+ 7 +72)+ Y wipa(rt + 1 4+ 77)
-1

— (T + 74 +72) =0, ke oy

which, in matrix form, becomes
alrg+m+m)+ [P - IIME*+ 7472 > 0.
Multiplying both sides by CM 1[I — P'|~! we obtain

-1
(pl 1>(T4+n + 72)

p2 —
AT AT - Y (T4 T+ TR
+ kecoy ZO
Tyt T2 = (7 T+ 7))

From (9), (10), and (12), we obtain

T4+ 7T+ 70 = Z(T/?+T,€1+T/?)
k€oy

and since 74 + 7 + 72 > 0, then p; = 1, a contradiction. [

IV. ON THE POWER OF PIECEWISE
LINEAR LYAPUNOV FUNCTIONS

It is well known (see, for example, [9]) that a multiclass
fluid network is stable under all work conserving policies if
and only if there exists a Lyapunov function which decreases
along all possible trajectories. An example of such a function is
the maximum (over all work conserving policies) of the time it
takes for the system to empty. However, to prove that a system
is stable, one needs to explicitly construct such a Lyapunov
function, and this can be quite difficult. One possibility that
has been investigated recently is to restrict to a class of convex
Lyapunov functions (quadratic or piecewise linear) and to use
mathematical programming techniques to identify a suitable
Lyapunov function within such a class; see Kumar and Meyn
[12], Botvich and Zamyatin [4], Dai and Weiss [8], Down and
Meyn [9].

These papers, however, leave open the question of whether
convex Lyapunov functions have the power to establish
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(sharp) necessary and sufficient conditions for stability. In
other words, is it true that a system is stable under all
work conserving policies if and only if there exists a convex
Lyapunov function that testifies to this?

In this section we give a positive answer to this question for
the case of a piecewise linear, convex Lyapunov function and
a two-station multiclass fluid network. Concretely, we will
show that a two-station network is stable if and only if the
linear program constructed by Down and Meyn in [9] has
a feasible solution. This solution (as discussed in [9]), if it
exists, provides a certain piecewise linear Lyapunov function
which guarantees stability. In particular, we will demonstrate
that the dual of this linear program is a relaxation of the linear
program LP[0] constructed in the previous section. Finally,
we will simplify LP[0] and construct a linear program with
only 2n variables that exactly characterizes stability.

A. Piecewise Linear Lyapunov Functions and Duality

Consider a multiclass fluid network (o, p, P, C), with two
stations, which is a reentrant line. Namely, there is only a
single arrival stream of customers, ie., a3 = A\, g = -+ =
o, = 0. These customers are processed deterministically from
class ktoclass k+1 (pgr+1 = 1fork =1,2,---,n—1, p;; =
0 otherwise). Down and Meyn [9] proved that if the following
linear program:

AL+ ﬂi(Li+1 — Lz‘) <-1 t€0;
AQ1 + pi(Qj41 — Q) S -1 jEo
ALy + pi(Liy1 — L)
+pi(Ljr1 —Lj) <=1 i€01,j€0,
AQ1 + pi(Qiv1 — Q)
+pi(Qjt1 — Q) £ ~1 1€y, jE€
L;>Q; i€o0;
L;<Q; jeo
L>0,Q>0

is feasible, then the piecewise linear function ®(z) =
max (L'z, Q'z), for £ > 0, is a Lyapunov function and
therefore the network is stable for all work-conserving policies.

We can easily extend this linear program to a general
multiclass two-station fluid network (a, p, P, C), ie., not
necessarily a reentrant line. If the following linear program
(we call it LP[dm]):

(X)) > Lrew+ Y Lupikpi — Lipi +V

k=1 k=1
<-1 i€0y
(X;) Z Lpjk iy = Lj 1t
. k=1
<V j€og
Y)Y Quok+ Y Qupje ity — Qipi+ W
k=1 k=1
<-1 jeo
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Y3) Z Qrpik i — Qi i
k=1

SW i€ 01

(mi) Li>Q; i€oy
(n;) L;<Q; je€o
L,QV,W2>0

is feasible, then a piecewise linear function ®(z) =
max (L'z, Q'z) is a Lyapunov function, and therefore the
network is stable for all work-conserving policies (the
associated dual variables are indicated in parenthesis).

Let the objective function in L P[dm] be to maximize 0L +
0Q 40V +0W and consider the dual LP. It is a homogeneous
LP in the variables X, Yz, &k = 1,2, ---, n, mk, k €
01, Nk, k € oo which has the following form:

maximize
vy
€0 JjEo2
subject to
n
OékZXi+Z pipin X — e Xe —mp <0 k€ oy
iCoy i=1
Qg ZYJ'%-ZMPMYI'— wrYe +mp <0 k€ o
JE€oo =1
Qg ZXH-Z wivieXs — Xk + 0k <0 k€ oo
€T =1
k
o Y Y4y kY — Ve —np <0 k€ o
jEos i=1

DX<IX,

€0, j€o2
S ey
jEo2 1Coy
X, Y, m,n<0.

The above linear program is equivalent to

)IERD P

€0y JE€oa

maximize

subject to

Ot}cZXi-‘rZumikXi— Xy —mi >0 keor

i€oy i=1
n
o Zyj+ZHipikYi_ Y +me >0 k€oy
jEos i=1

n
OlkZXi+Zuipika,— e Xe +ni. 20 keo

1€0y =1

ay, Zij%—ZMZHkYL‘— pYe —neg 20 k€ oo

jEo2 =1
dYoXiz > X,

€Ty jCaa
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Y Yz v

jET2 €0y

X, Y,mn>0

which we call DLP[dm].

Lemma 5: LP[dm] is feasible if and only if DL P[dm] has
zero as the only feasible solution.

Proof: The proof follows immediately from strong dual-

ity of linear programming (see [1]). a

We will gradually simplify DLP[dm]. We start with the
following lemma.

Lemma 6: DLP[dm] has a nonzero feasible solution if and
only if the following linear program, called DLP[1], has a
nonzero feasible solution:

maximize
Yy
1€07 j€o2
subject to
n
o Z X + Z pipin X; — ux Xy 20 keoy 21
i€o; i=1
g Z Y; + Z WiPikYi — upYe >0 kecos (22)
j€o, =1
W Ty,
i€0 jET2

+Z wipir(Xi +Y5) — pe(Xe +Y) >0 vk

(23)
=1
DoXez Y Xe o (@4
k€o, k€oa
Z Y > Z Yy (25)
kEog k€o,
X, Y >0.

Proof: Let Xy, Yk, my, ni be a feasible nonzero solu-
tion to DLP[dm]. Since

n

ag Z X+ Z wiDie X — e Xe —mp 2 0,

€01 =1

mge > 0

(21) follows. Similarly, (22) follows. By adding inequalities in
DL P[dm] corresponding to stations o1 and o9 separately, we
obtain that X}, Y} is a feasible nonzero solution to DLP[1].

Conversely, if Xy, Yy is a nonzero solution to DLP[1],
then by setting

Vk€or:ag ZXi+Z pipieXi — ppXp =my

i€oq =1
and
n
Vkeog:ag Z Y; +Z WipirY; — weYr =ng
jEoy =1

we obtain that Xg, Yy, mg, ng is a nonzero solution to
DLP[dm]. O

The next lemma shows that we can change (23) to an
equality.
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Lemma 7: Let DLP[2] be a linear program obtained from
DL P[1] by replacing (23) with equality. Then, if the condition
p < e holds, DLP[2] has a nonzero feasible solution if and
only if DLP[1] has a nonzero feasible solution.

Proof: Trivially, if X, Y is a nonzero solution to
DLP[2], then it is also a nonzero solution to DLP[1]. For
the converse part, let X, Y be a nonzero solution to DLP[1].
We will construct a nonzero solution to DLP[2].

Let us rewrite (23) in matrix form as follows:

alz+y)+ [P -IIMX+Y)>0 (26)
where we define
€0,
y=> Y
jET2
X =(Xy, -, X»)
Y=V, -, Y,). (27)

Since [I — P71 and M~! exist and are nonnegative, (26)
is equivalent to

M7 -P raz+y) - (X+Y)>0
or simply
ple+y)—(X+Y) 20.
We will increase X}, to Xk for all k € o3 so that for all k& € oy
pi(z +y) — (Xp +Y2) = 0.

This is possible to do because x is not affected by X} for
k € o4y. Notice also that this change can only increase the
left-hand side of (21). A

Similarly, we construct Yy for all £ € oy such that for all
k c o

prlr+y) — (Xp+ Vi) =0

and (22) is still satisfied. Finally, we show that (24) and (25)
are still satisfied. We have, by construction

Zkk-i—zyk: Zpk,(x-l—y)

k€oy k€oo k€os
= po. (T +y)
<z+y.

Since by definition, y = 37, Y3, we obtain that
Z Xk S €T
kEoy

i.e., (24) holds. By a similar reason (25) holds, i.e.,

Z}Afkﬁy

k€oy

The new solution X7Y satisfies X > X7Y > Y and,
therefore, it is nonzero. By construction, it is a feasible solution
to DLPJ2]. O
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In the remaining part of this section we will show that
DLP[2] has a nonzero solution if and only if LP[0] (from
Section III) has a nonzero solution. We show first that DL P[2]
is a relaxation of LP[0].

Lemma 8: Let (11, 79, T3, Ta, Tp, T2, T3, Ti) k= 1,2,
---, n be a nonzero feasible solution to LP[0]. Let X; =
T, Ye=rt+71, k=1,2,--, n Then (X, 3) is a
nonzero feasible solution to DLP[2].

Proof: Combining (9) with (12), we obtain (24). Com-
bining (10) with (11), we obtain (25). Equation (19) shows
that (23) (with equality) holds. Combining (16) with (18), we
obtain that

Vik€or:a ZYJ'*FZMPMYi* kY < 0.

j€oz i=1

By subtracting this from (23) (with equality) we obtain (21).
Equation (22) is obtained similarly. By construction, if
(7_17 T2y T35 T4, Tkl:'/ T}?v T;f-, Tf)
is nonzero, then the solution (X, Y3) is nonzero as well. O
We next prove the converse part.
Lemma 9: If there exists a nonzero solution to DLP[2],
then there exists a nonzero solution to LP[0].
Proof: Let (Xg, Yi, k = 1,2,---,n) be a nonzero
solution to DLP{2]. Letz =}, X;and y =3 Y;.
We will construct a nonzero solution to LP[0].
We select a number y € [0, 1]; we specify how v is selected
later. Combining (22) and (23) (with equality), we obtain

1€o2

Rt + Z pipie X — peXn <0,

ke 9.
=1
Then
apve + Y mpayXi — Xk <0, kcoa  (28)
i=1
Let us rewrite this as follows:
ave+ Yy pipiyXs
1€oy
+ Y mpny X~ Xk <0, k€oa (29)
j€o2

We introduce the following notation. For any vector W &
R% let W, and W,, be the portion of the vector W
corresponding to the indexes in ¢ and oy, respectively. We
partition the matrix F° as follows:

Py P
P= .
{Pm Pso

The matrices P12 and [’y are portions of the matrix P

corresponding to flows of classes from station 1 to station

2 and from station 1 to itself. Similarly, the matrices I’15 and

Py, are the portions of the matrix P corresponding to flows

going from station | to station 2 and from station 2 to itself.
We rewrite (29) in matrix form

Oy, VI + ])12M017X01 + [PZZ - IO'Q]MUQ'\/X(TQ S 0. (30)



The matrix Pao is nonnegative and has spectral tadius less
than one. Therefore the matrix [[,, — Pa2] ™" exists and is
nonnegative. We rewrite (30) as follows:

]\/[_1[[02 — PQQ]_lao-z’YI

g2

MM o, — Pl ' ProMy, v X, — 71X, <0, (31)

o2

We next introduce |o3|-dimensional vectors 72, Z,,

27
i =M, M, — Poo] tag, v

+ M(;I[Ioz — P 1P1aMy v X,

:’YZUZ
> 0. (32)
From (31) it follows that
T;Q :fyZUQ
<vXo,- (33)

Having defined the variables 7} for k € oq, we let 7, = v X,
for k € 0. Let 71 = ~vx. From (32), (13) follows.
From (24), we obtain

yr = 71Xk

kco,

Then from (33), it follows that (9) is satisfied.
We next let 72 = Xy — 7} = (1 — )Xy for k € oy, 7 =

Xy, — 7} for k € oy and 74 = (1 — 7). It follows from (33)

that T,;l are nonnegative for k& € oy and, therefore, all the new
variables T,f are nonnegative. Since z = Y X;, it follows
that the first part of (12) is satisfied.

We next show that we can select v € [0,1] so that the
second part of (12), i.e.,

Y=

keoy kEo,

i€01

(34)

is satisfied as well. Recall that 7 = X, k € o1, 7} =
VZk, k € 0y [from 3], 7 = Xp — 7} = (1= 7)Xe, k €
o1, 74 = Xy — 7}, k € 02. Then

o= X

k€oy k€oy
and

4 1
E Th = E (Xo = 73)-
k€oa k€og

From (33) Z; < Xi, k € 03 and from (24)

ZXkEZXk;

kcoy k€oy
Therefore
PIRIE IR
kCoz ke€os
<Y X
ke€oy
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In case the first sum is strictly less than the third sum, we
take «y to be

ZXk_ ZXk

ko k€os
Ve

> Xe= D %

keoy keoy

This guarantees

(1—7)2Xk

I

> (X = 7Zk)

k€o, kEoz
or
=Y A
keoy koo

From the inequalities above, this value of ~ satisfies y € {0, 1].
If, on the other hand, all sums are equal, then we take v to be
any number in [0,1] and (34) is still satisfied.

Therefore, we have satisfied (9), (12), and (13). We next
prove that (15) and (17) are satisfied as well.

Subtracting (22) from (23) (with equality), we obtain

n
Vk€oy:arz+ Z pivinXi — ppXp <0
=1

I

which in terms of the variables 7, ---, 7.}, 77, -

duces to

?

Vk€oy:ag(ra+m)+ E Mipik(Tf +T¢l)
=1
— (e +74) < 0.

This combined with (13) proves (15). Also from (21)
Vk€oap(l—7)z+ Z pipin (1 — 7)X;
i=1
= (L= )Xk 20
From (33) we obtain for k € oo

Tl:,1 IXk 77’%

> X =Xk
=(1—9)Xx.
Therefore
Vik€oian(l—y)a+ Y wpw(l — )X
€0y
+ Z wipieT — pe(l — )Xk > (1l — )z

1Eoy
+ > wipin(1 =) Xi — (1 =) X5 20
i=1
or, equivalently

Vkeor: ak74 + Z /Mpik"';l - /JkTI? >0
i=1

which is (17).
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We have constructed 71, 74, ¢, 78, k = 1, 2, -+, n which
satisfy (9), (12), (13), (15), and (17). The construction of
To, T3, Ty oy k = 1,2, -+, m is symmetric. Finally, (19)
is a simple implication of (23) (with equality). If the ini-
tial solution (z, y, Xy, Y3) is nonzero, then the solution
(71, T2, T3y T4, Thy T2, T2, T), k=1, -+ -, n is also nonzero.
This concludes the proof of the lemma. |

We now summarize the results obtained in this and the
previous section.

Corollary 1: A multiclass fluid network (a, p, P, C) with
two stations is stable for all work-conserving policies if and
only if one of the following equivalent conditions hold.

1) Linear program LP{dm] constructed in [9] is feasible.

2) Linear program DL P[2] constructed in this section has

zero as the only feasible solution.

3) Linear program L P[0] constructed in the previous sec-

tion has zero as the only feasible solution.

From the above three equivalent tests for stability, DL P[2]
is the most economical. Unlike LFP[dm], it can be interpreted
physically, with variables corresponding to times arising from
a decomposition of trajectories. On the other hand, it has half
as many variables compared to L?[0].

V. SUFFICIENT STABILITY CONDITIONS FOR
A GENERAL MULTICLASS FLUID NETWORK

In this section, we derive new sufficient conditions for
stability of a general multiclass fluid network involving an
arbitrary number J of stations. We follow the notation of
Section II. We consider an arbitrary stable trajectory with
being the emptying time.

A time £ < 7 will be called an “emptying time for station

o’ if
Z Qk-(fj) =0

k€o

and there exists an € > 0 such that for all t € (£ — e, f)

> Qu(t)>0

kCo

namely, i is exactly the time at which station ¢ becomes
empty. The set of all “emptying times” A is clearly a countable
set. Let A = {#1, ta, -+, tm, -+~ }. Forany ¢, ¢’ € A, we will
say that an interval (¢, ¢') is of type 0., 7 = 1,2, ---, Jora
o-interval if ¢’ is an “emptying time” of station o, [and no
other “emptying times” are located strictly within the interval
(t, t')]. Consider the example of Fig. 2. In this example, there
are three stations and we denote by #;,, %, -+ -, &, the first
six emptying times. The reason we use a double subscript is
that it is possible for the emptying times of two stations to
alternate countably many times followed by another countable
alternation of the emptying times of two other stations. This
situation cannot arise with two stations. It also does not arise
when the number of emptying times is finite. So, we can take
t;, = t; in the example. Here, {;,, ¢;, are the times that station
1 becomes empty, times 7, , ¢;, are the times that station 2
becomes empty, and times %;,, ¢;, are the times that station 3
becomes empty. If there is a time ¢;, that two stations become

1629

2.Qk
ke ¢
3

Qg
ke o
2

Qg

ke ()'1 /\

Fig. 2. The emptying times ;. for a typical trajectory.

empty at the same time, we assign time ¢;, arbitrarily to one
of these stations. Notice that by definition, Qy(¢;,) = 0 for all
k € o, if (#;,_,, t;,) is an interval of type o,.

By writing the dynamics of the system during a o, interval
(ti,_,, t1,], we obtain for k € o,

Qr(t,) — Qulty,_,) = awlty, —t1,_,)
+ 3 wpiklT(t) = Ti(t, )]
i=1

- ,U'k:[Tk(tli) - Tk(tli-t)}'
Since Qr(t;,) = 0 and Q(t;, ,) > 0, we obtain that

ot =t )+ Y wipelTi(t) — Tyt )]

j=1
— pe[Te(ts,) — Th(tr,_,)] £ 0.

Summing over all ¢, intervals and introducing the new vari-

ables
>

(ti,_,sts;]isao, -interval

7'217"'7‘]7

Tjr = E

ti._.,t,]isaoc,-interval
i—12 b

- tl,,l):

(tli

Tp =

[TJ (tli) - T‘j(tlz,q )]1

j:17"'n7
7“:17...,_]

we obtain

n

QT + Z WiPikTir = PkThe <0,
i=1

Vk € o,.

Since by definition, during a o,-interval, station o, is busy,
we obtain from work-conservation that

Z [Tk(tli) - Tk(tl;ﬁl)] = tl2 =t -

kCo,
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Summing over all o, intervals we obtain that

E Tkr = 7—7’7

k€o,

r=1.-,n.

Since the trajectory is feasible

Z [Th(t,) — Th(ti_ )] < ti, — b,

k€o;

Summing over all ¢, intervals we obtain that

ZTkrng J#ET

k€o;

Finally, since we consider a stable trajectory, all the stations
become empty for 1" = max t;, = t;. Writing the dynamics

of the trajectory we obtain that forall k =1, ---, n
L
Qr(tr) — Qr(0) = ay Z(tlt —t,_y)
i=1
L =n ‘
+ z Z p’jpjk[Tj(tli) - E(tliAI)]
i=1 j=1

L
— [tk Z[Tk(tli) = Tye(ti,_,)]-

Using Qx(tr) = 0 and decomposing the sums Zle over o,
intervals we obtain

J J =n
073 Z Tr + Z Z iP5k Tir
r=1

r=1j=1

J .
*MkZTkT:“Qk(O), k:l,--~,n.
r=1

Using as variables the quantities 7. and 7, and arguing exactly
as in Proposition 2, we obtain the following upper bound on
the duration of the strong busy period.

Proposition 4: Consider a stable work-conserving policy
starting with initial condition Q(0) # 0. Let 7 be the smallest
time such that Q(7) = 0. Then, 7 is bounded above by the
optimal value of the following linear program to be called

GlR(0)]:

maximize

subject to

N :
WTr + D WipikTir — bkThr <0, Yk € op,
j=1

r=1,---,J (35)

YoM =Tr,  r=1,,J (36)
k€o,
o <7, j#T (37)
keaj
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J J n
[e72 ZTr + Z Z HiPiETjr
r=1

r=1j5=1
J
— Mk ZT]CT = - Qk(())a
r=1
k=1,--,n 38)
Trs Tjr 2 O

We conclude this section by stating the sufficient conditions
for stability.

Theorem 10—Sufficient Conditions for Stability: Suppose
that the load condition p < e holds. Consider the linear
program G/[0] obtained by setting @Q(0) = 0 in G[Q(0)]. If
G[0] has zero as the only feasible solution, then the multiclass
network (e, g, P, C) is stable for all work-conserving
policies.

Proof: The argument is identical with the proof of The-
orem 1. O

Since the variables 7, can be eliminated using (36), the
proposed test for stability involves only nJ variables and
2n 4 J(J — 1) constraints, which is efficiently sclvable. The
linear program G[0] is the direct generalization of the linear
program DLP[2] in Lemma for two stations, where we have
subtracted (35) from (38).

VI. CONCLUSIONS

For two-station multiclass fluid networks we have estab-
lished necessary and sufficient conditions for stability of all
work-conserving policies. We have also proved that piecewise
linear Lyapunov functions establish stability sharply.

For networks with more than two stations, we have estab-
lished sufficient conditions for stability and we conjecture that
they are also necessary. Given that in terms of stability the
equivalence of fluid and stochastic networks is not fully proven
(although highly suspected), our results do not yet imply
necessary and sufficient conditions for stochastic networks as
well.
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